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- Passivity theorem :

if it , and ltz are passive, then the FB Sys .
is

passive -8 stable closed bop

⇒ We study the special case where He is linear

and Hz is a sector nonlinearity µ,

H
, :
I - A ✗+Bu
Ye CA 4 Du

"" Y - You, , qq.gg

- Problem : find conditions for Ai 5.t . the

FB says . is stable.

- We use passivity to answer this question
.



P#iiyfNÉms:

I -AX -1 Bu
⇐> Yes, _-_①G)Ñcs)

✗ = CX +Du I
transfer function

- ✗ GIR? Y, UEIRP

-
To discuss passivity for tin . Sys. we need

to introduce the nation of positively
transfer functions

.

Def :

- When P - A CSISD) , Gcs ] is positive need if

1) all poles are in LHP C Recs] to)

2) Re (Gcjw)) 5,0 ☒ au sit. jw is
←

Mygiant pint is in right-hand plane
. not a pole

3) if jw is
a pale , then it is a simple pole

and Iim CS-jw) ① (s) > 0
s→jw



- Gcs) is strictly positive real if Gcs- E)
is positive heal for some E.Do

-
The definition can be extended to mins

(see Det 6.4)
Examples :

a) Gcs) = Is is only poles-o

⇒ ☐ all pies in LHP ✓

2) Rec-Rj.ws) - Rec. ) - o ✓
3) YI

,

s -097 - I > o ✓

⇐ positive real

but not strictly positive need because
Gcs-4¥

,

has pale S- E > o



b)
\
-

Gcs] - ¥a for a > o

this is positive neat

D Pole S - - a in LHS ✓

→ Bel-Air) -Rec a) - a- 30
a?w2

No imaginary pie

Also , strictly positive real because
far e-a>3 Gcs -a) - § is positive heat.

c) Fcs) - 1-
52-15+1

when IWI> 1

Ajw) - ¥+7T →Religion ⇐ ÷Y÷wT co
→ not positive real.

-
In general . if ⑥on - P{¥ is positive need

then relative degree - degcpq) - degcp) -0 er 1



Positixe@emnas.CLemma8.2s6.3J_AssumeCA.B
) is controllable

and CA,c) is observable

-
Transfer function Josie cfsI-AÑBaDD
is positive real iff 3- a p.ae matrix P

-

and matrices Liv , St -

PA * ATP - - LTL

PB - CT- LTw⇐→fPA+ÑP, PB -8$13%-8
, ☐+pt ]£0

WTW - ☐ abt
__fw÷&w]

- Strictly positive real if for some E >*⑨

PA +ATP - -il - EP
1013 - i - EW

WTW > ☐ +DT



Lemma 6.4 :

cstrict) positive real → cstr.tt ) passivity
proofs
- Consider V - 1-2*90/1 , where P
is from

'

positive real Lemmer .

I - 1-2×7 PA -1ATP) ✗ + *TPBU

pAaA%e-21

PB.ee?iw--1gxT2TLX-x-c-u-EEwue-'gCLXeWu)TlLxawu)

* lgiiwwu * ✗Tsetu
WTW- D-15
CAY-D"

, igu⇒D)m * *Tae - u¥TU
- ytm -7 passive

- The proof for strict passivity is similar

Ñ Gain - EXTPX
I



Baoktoabsolute-stability-sccirr.de criteria)

- Assume PEG.sn]
•oµ-ÉY

- Therefore Piss passive↳-|
- The FB s.gs . is stable if Gcs, is passive.

- Pictorially , the Nyquist plot is in the right-hand
aimplane. ①cjw)

÷:÷: re

-
Alone , if E- [ K, , 0] , we do a loop

transformation to turn Pto 9610,0]

Ecs)- -00-1 #
**
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- Equivalent loop

-p→E-1
> Y

1-EH

- So
,
to have a passive E- 13 sys . ⑤as]-

lek,-0cg
should be positive real

- Pictorially , in Nyquist plot
'

Iam
.

.¥¥¥.
Forbidden regime
( circle criteria)



-
More

, generally , if ✗ c- [ kn ,ki , then

with loop transformation, we have

East - ¥Y;¥÷ to be positive real .

n
8m

⇐*
Re

region

Loop trans . ?
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